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Abstract
In this model, the gravity term in the Lagrangean comes from sponta-
neous symmetry breaking of an additional scalar quadruplet field Υ.
The resulting gravitational field is approximate to one of the models
of coframe gravity with parameters ρ1 + 4ρ2 = 0, ρ3 = 0. This article
includes an exact solution of coframe gravity with model parameters
ρ1 6= 0, ρ2 any, ρ3 = 0, which is Newtonian at infinity. An iteration
process is given to construct a solution for a given matter-radiation
stress-energy tensor.
1 Introduction
In this model, I use spontaneous symmetry breaking to add a gravity term
to the Lagrangean. The resulting gravitational field is approximate to one of
the models of coframe gravity with parameters ρ1 + 4ρ2 = 0, ρ3 = 0.
The layout of the article is as follows: In section 2, I explain the notation
I use. In section 3, I introduce the field which has a spontaneously broken
symmetry. In section 4, I calculate the stress energy tensor of another field
φ to show that the sign of the stress-energy tensor is correct. In section
5, I calculate the gravity term added to the Lagrangean by spontaneous
symmetry breaking. In section 6, an exact solution which is static and has
spherical symmetry is calculated. In section 7, the field equation is linearized.
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2 Notation
I use a coframe 1-form θ : T(M4)→ R4 and a dual vector field θj(vk) = δjk.
I use,
σ1 =
[
0 1
1 0
]
σ2 =
[
0 −i
i 0
]
σ3 =
[
1 0
0 −1
]
(1)
γ0 =
[
i 0
0 −i
]
γj =
[
0 σj
σj 0
]
(2)
η =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (3)
γaγb + γbγa = 2ηab (4)
Ψ = Ψ†γ0 (5)
Sab =
1
4
[γa, γb] (6)
ǫ0123 = ǫ0123 (7)
Latin indices are Minkowskian and Greek indices are spacetime indices. Latin
indices are raised or lowered using the Minkowski metric:
Aa = ηabAb (8)
The coframe θ can be expressed using the coordinate 1-forms,
θa = θaµdx
µ (9)
and the metric is,
gµν = ηabθ
a
µθ
b
ν (10)
(10) is 10 equations for 16 components, so for a given metric, θ has 6 degrees
of freedom.
In differential geometry style [1], vectors are represented as derivatives,
so vaΨ is an equivalent notation to dΨ(va).
In this article, the Hodge dual is defined as,
∗(θi0 ∧ . . . ∧ θik−1) = 1(n− k)!ǫi0..ik−1j0..jn−k−1θj0 ∧ . . . ∧ θjn−k−1 (11)
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This means that,
∗1 = θ0 ∧ θ1 ∧ θ2 ∧ θ3 (12)
∗∗1 = ∗(θ0 ∧ θ1 ∧ θ2 ∧ θ3) (13)
= ∗(η00η11η22η33θ0 ∧ θ1 ∧ θ2 ∧ θ3) (14)
= − ∗(θ0 ∧ θ1 ∧ θ2 ∧ θ3) (15)
= −1 (16)
3 The Υ field
In addition to the Dirac field Ψ and the Glashow–Weinberg–Salam elec-
troweak field φ, I add an additional field Υ (Greek letter Upsilon). Υ is a
scalar complex quadruplet field. SL(2,C) is a double cover of the group of
Lorentz transformations SO(3, 1). Under a local SL(2,C) gauge transform,
the Dirac field Ψ and the field Υ transform as,
Ψ2 = exp(
kab
2
Sab)Ψ1 (17)
Υ2 = exp(
ckab
2
Sab)Υ1 (18)
with c a constant. kab can take different values at different events in space-
time.
The Lagrangean is,
L = i
2
(DΥ)†γ0 ∧ ∗DΥ− ic 21 ΥΥ ∗1 + c 22 (ΥΥ)2 ∗1 (19)
where D is the gauge-covariant exterior derivative:
D = d− c
2
Sbcωbc (20)
The constants c1 and c2 are used for spontaneous symmetry breaking. The
Lagrangean can be written as,
L = (K − V ) ∗1 (21)
where K are the kinetic terms (terms containing a derivative) and V are the
potential terms (terms without a derivative). If Υ is of the form,
Υ =

 ξ0
0

 (22)
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with ξ representing two complex scalars, then the potential is,
V = −c 21 |ξ|2 + c 22 |ξ|4 (23)
The derivative of this potential is,
∂V
∂|ξ| = −2c
2
1 |ξ|+ 4c 22 |ξ|3 (24)
Solving V ′ = 0:
−2c 21 |ξ|+ 4c 22 |ξ|3 = 0 (25)
−2c 21 + 4c 22 |ξ|2 = 0 (26)
4c 22 |ξ|2 = 2c 21 (27)
|ξ| =
∣∣∣∣ c1√2c2
∣∣∣∣ (28)
This value of |ξ| is a minimum of the potential V . It is the vacuum expecta-
tion value of Υ, noted Υ0.
To calculate the field equation from this Lagrangean, I proceed in the
usual manner, setting up a region of spacetime and a small variation of
the field δΥ which vanishes on the region boundary. The variation of the
Lagrangean is,
δL = δ( i
2
(dΥ− c
2
SbcωbcΥ)
†γ0 ∧ ∗(dΥ− c
2
SbcωbcΥ)
− ic 21 ΥΥ ∗1 + c 22 (ΥΥ)2 ∗1
)
(29)
The first term is of the form,
δ(A† ·A) = δA† · A+ A† · δA (30)
(A† · δA)† = δA† · A (31)
So the second term is the Hermitean conjugate of the first term:
δ(A† · A) = 2Re(δA† · A) (32)
The variation of the Lagrangean becomes,
δL = Re(iδ(dΥ− c
2
SbcωbcΥ)
†γ0 ∧ ∗(dΥ− c
2
SbcωbcΥ)
)
− c 21 δ(iΥΥ) ∗1 + 2c 22 (−i)(ΥΥ)δ(iΥΥ) ∗1 (33)
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For the second and third terms,
δ(iΥΥ) = iδΥ†γ0Υ+ iΥ†γ0δΥ (34)
(iΥ†γ0δΥ)† = −iδΥ†γ0†Υ (35)
= −iδΥ†(−γ0)Υ (36)
= iδΥ†γ0Υ (37)
So the second term of (34) is the Hermitean conjugate of the first:
δ(iΥΥ) = 2Re(iδΥ†γ0Υ) (38)
The variation of the Lagrangean becomes,
δL = Re(iδ(dΥ− c
2
SbcωbcΥ)
†γ0 ∧ ∗(dΥ− c
2
SbcωbcΥ)
− 2ic 21 δΥ†γ0Υ ∗1 + 4c 22 (ΥΥ)δΥ†γ0Υ ∗1
)
(39)
= Re
(
i(dδΥ− c
2
SbcωbcδΥ)
†γ0 ∧ ∗(dΥ− c
2
SbcωbcΥ)
− 2ic 21 δΥ†γ0Υ ∗1 + 4c 22 (ΥΥ)δΥ†γ0Υ ∗1
)
(40)
= Re
(
i(dδΥ† − c
2
δΥ†Sbc†ωbc)γ
0 ∧ ∗(dΥ− c
2
SbcωbcΥ)
− 2ic 21 δΥ†γ0Υ ∗1 + 4c 22 (ΥΥ)δΥ†γ0Υ ∗1
)
(41)
= Re
(
idδΥ†γ0 ∧ ∗(dΥ− c
2
SbcωbcΥ)
− i c
2
δΥ†Sbc†ωbcγ
0 ∧ ∗(dΥ− c
2
SbcωbcΥ)
− 2ic 21 δΥ†γ0Υ ∗1 + 4c 22 (ΥΥ)δΥ†γ0Υ ∗1
)
(42)
I have,
Sbc†γ0 =
1
4
[γb, γc]†γ0 (43)
=
1
4
[γc†, γb†]γ0 (44)
=
1
4
γ0[γc, γb] (45)
= −γ0Sbc (46)
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So the variation of the Lagrangean is,
δL = Re(idδΥ†γ0 ∧ ∗(dΥ− c
2
SbcωbcΥ)
+ i
c
2
δΥ†γ0Sbcωbc ∧ ∗(dΥ− c
2
SbcωbcΥ)
− 2ic 21 δΥ†γ0Υ ∗1 + 4c 22 (ΥΥ)δΥ†γ0Υ ∗1
)
(47)
I have,
d
(
δΥ†γ0 ∧ ∗(dΥ− c
2
SbcωbcΥ)
)
= dδΥ†γ0 ∧ ∗(dΥ− c
2
SbcωbcΥ) + δΥ
†γ0d∗(dΥ− c
2
SbcωbcΥ) (48)
so,
dδΥ†γ0 ∧ ∗(dΥ− c
2
SbcωbcΥ)
= −δΥ†γ0d∗(dΥ− c
2
SbcωbcΥ) + d
(
δΥ†γ0 ∧ ∗(dΥ− c
2
SbcωbcΥ)
)
(49)
Substituting this into the variation of the Lagrangean:
δL = Re(− iδΥ†γ0d∗(dΥ− c
2
SbcωbcΥ)
+ i
c
2
δΥ†γ0Sbcωbc ∧ ∗(dΥ− c
2
SbcωbcΥ)
− 2ic 21 δΥ†γ0Υ ∗1 + 4c 22 (ΥΥ)δΥ†γ0Υ ∗1
)
+ d(. . .) (50)
= Re
(
iδΥ†γ0
(− d∗(dΥ− c
2
SbcωbcΥ)
+
c
2
Sbcωbc ∧ ∗(dΥ− c
2
SbcωbcΥ)
)
− 2ic 21 δΥ†γ0Υ ∗1 + 4c 22 (ΥΥ)δΥ†γ0Υ ∗1
)
+ d(. . .) (51)
= Re
(
iδΥ†γ0
(−D∗DΥ− 2c 21 Υ ∗1− 4ic 22 (ΥΥ)Υ ∗1))+ d(. . .) (52)
The variation of the Lagrangean has to vanish up to a 4-divergence for any
small variation of the field δΥ†, so the field equation is,
−D∗DΥ− 2c 21 Υ ∗1− 4ic 22 (ΥΥ)Υ ∗1 = 0 (53)
− ∗D∗DΥ+ 2c 21 Υ+ 4ic 22 (ΥΥ)Υ = 0 (54)
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If the metric is Minkowskian and the coframe are the coordinate differentials,
then,
∗D∗DΥ = ∗d∗dΥ (55)
= − Υ (56)
To show that the minus sign is correct, I assume that Υ depends only on
time. Then,
∗d∗dΥ = ∗d∗(∂0Υ)dx0 (57)
= − ∗ d ∗ (∂0Υ)dx0 (58)
= − ∗ d(∂0Υ)dx1 ∧ dx2 ∧ dx3 (59)
= − ∗ (∂0∂0Υ)dx0 ∧ dx1 ∧ dx2 ∧ dx3 (60)
= ∗(∂0∂0Υ)dx0 ∧ dx1 ∧ dx2 ∧ dx3 (61)
= ∂0∂0Υ (62)
= − Υ (63)
And the field equation is,
Υ + 2c 21 Υ+ 4ic
2
2 (ΥΥ)Υ = 0 (64)
If Υ is of the form,
Υ =

 ξ0
0

 (65)
then the field equation has a solution with non-zero constant Υ:
4ic 22 (ΥΥ) = −2c 21 (66)
−4c 22 |ξ|2 = −2c 21 (67)
|ξ| =
∣∣∣∣ c1√2c2
∣∣∣∣ (68)
It is a minimum of the potential.
If the metric is Minkowskian and the coframe are the coordinate differ-
entials and Υ is of the form,
Υ =

 u(t)0
0

 (69)
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with u(t) representing two complex scalars, then the kinetic term of the
Lagrangean is,
K ∗1 = i
2
dΥ†γ0 ∧ ∗dΥ (70)
=
i
2
∂0Υ
†dx0γ0 ∧ ∗∂0Υdx0 (71)
=
i
2
∂0Υ
†dx0γ0 ∧ − ∗ ∂0Υdx0 (72)
=
i
2
∂0Υ
†dx0γ0 ∧ −∂0Υdx1 ∧ dx2 ∧ dx3 (73)
= − i
2
∂0Υ
†γ0∂0Υ ∗1 (74)
(75)
Using that Υ is an eigenvector of γ0 with eigenvalue i,
K ∗1 = 1
2
∂0u
†∂0u ∗1 (76)
=
1
2
|∂0u|2 ∗1 (77)
The cost to the kinetic term of the Lagrangean of random big changes with
respect to time of the wave function is positive, therefore the system shall
gravitate toward a minimum of the potential V .
4 The stress-energy tensor
I shall not calculate the stress-energy tensor of the Υ field in this article.
Instead, I shall calculate the stress-energy tensor of a scalar complex doublet
field φ with spontaneous symmetry breaking. This is to show that the stress-
energy tensor has the correct sign.
The Lagrangean of φ is,
L = −1
2
dφ† ∧ ∗dφ+ c 21 |φ|2 ∗1− c 22 |φ|4 ∗1 (78)
The variation of the first term of the Lagrangean is,
δ
(− 1
2
(vaφ
†)(vaφ) ∗1) = −1
2
(
δ
(
(vaφ
†) ∗1)(vaφ) + (vaφ†)δ((vaφ) ∗1)
− (vaφ†)(vaφ)δ∗1
)
(79)
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= −1
2
δ(dφ† ∧ ∗θa)(vaφ)− 1
2
(vaφ†)δ(dφ ∧ ∗θa)
+
1
2
(vaφ†)(vaφ)δθ
m ∧ ∗θm (80)
= −1
2
δ(dφ† ∧ ǫamcd
6
θm ∧ θc ∧ θd)(vaφ)− 1
2
(vaφ†)δ(dφ ∧ ǫamcd
6
θm ∧ θc ∧ θd)
+
1
2
(vaφ†)(vaφ)δθm ∧ ∗θm (81)
= δθm ∧ −1
2
(− 1
6
dφ† ∧ ǫabcdηbmθc ∧ θd(vaφ)− (vaφ†)1
6
dφ ∧ ǫabcdηbmθc ∧ θd
− (vaφ†)(vaφ) ∗ θm
)
(82)
= δθm ∧ −1
2
(− 1
6
(veφ
†)(vaφ)ǫabcdη
bmǫnecd − (vaφ†)1
6
(veφ)ǫabcdη
bmǫnecd
− (vaφ†)(vaφ)ηmn
) ∗ θn (83)
= δθm ∧ −1
2
(
(vaφ†)
1
3
ηmnvaφ− 1
3
(vnφ†)(vmφ)
+ (vaφ†)
1
3
ηmnvaφ− 1
3
(vmφ†)(vnφ)− (vaφ†)(vaφ)ηmn
) ∗ θn (84)
= δθm ∧
(1
6
(vaφ†)ηmnvaφ+
1
6
(vmφ†)(vnφ) +
1
6
(vnφ†)(vmφ)
) ∗ θn (85)
= δθm ∧ 1
6
(
(vmφ†)vnφ+ (vnφ†)vmφ+ ηmn(vaφ†)vaφ
) ∗ θn (86)
The variation of the second part is,
δ(c 21 φ
†φ ∗1) = c 21 φ†φδ∗1 (87)
= c 21 φ
†φδθm ∧ ∗θm (88)
= c 21 φ
†φδθm ∧ ∗θm (89)
= c 21 φ
†φδθm ∧ ηmn ∗ θn (90)
The variation of the third part is,
δ(−c 22 |φ|4 ∗1) = −c 22 |φ|4δ∗1 (91)
= −c 22 |φ|4δθm ∧ ∗θm (92)
= −c 22 |φ|4δθm ∧ ∗θm (93)
= −c 22 |φ|4δθm ∧ ηmn ∗ θn (94)
The variation of the Lagrangean can be expressed as,
δL = δθm ∧ Tm (95)
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with T the stress-energy tensor. The latter can also be expressed as,
Tm = Tmn ∗ θn (96)
So T is,
Tmn =
1
6
(vmφ†)vnφ+
1
6
(vnφ†)vmφ+
1
6
ηmn(vaφ†)vaφ+ c
2
1 |φ|2ηmn− c 22 |φ|4ηmn
(97)
5 A gravity term
In this theory, the gravity term comes from spontaneous symmetry breaking
of the Υ field. The vacuum expectation of Υ is,
Υ0 =

 ξ0
0

 (98)
|ξ| =
∣∣∣∣ c1√2c2
∣∣∣∣ (99)
where ξ represents two complex components.
The gravity term comes from evaluating the Lagrangean at the vacuum
expectation value of Υ:
L∣∣
Υ=Υ0
=
i
2
(− c
2
SbcωbcΥ0)
†γ0 ∧ − ∗ c
2
SdeωdeΥ0 +
c 41
4c 22
∗1 (100)
The last term is a contribution to the cosmological constant from spontaneous
symmetry breaking. I shall neglect it for now because the situation is similar
for all theories with spontaneous symmetry breaking. The first term on the
right of (100) is,
− i
2
c
2
Υ†0S
bc†ωbcγ
0 ∧ − ∗ c
2
SdeωdeΥ0
= − i
2
c
2
Υ†0(−γ0Sbc)ωbc ∧ − ∗
c
2
SdeωdeΥ0 (101)
=
c2
8
Υ†0S
bcωbc ∧ ∗SdeωdeΥ0 (102)
=
c2
8
Υ†0S
bcSdeΥ0ωbc ∧ ∗ωde (103)
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=
c2
32
(−|ξ|2ηbdηce)ωbc ∧ ∗ωde (104)
= −c
2|ξ|2
32
ηbdηceωbc ∧ ∗ωde (105)
= −c
2|ξ|2
32
ωbc ∧ ∗ωbc (106)
= −c
2|ξ|2
32
ωbc(va)ω
bc(va) ∗1 (107)
= −c
2|ξ|2
32
(
dθa(vb, vc) + dθb(va, vc)− dθc(va, vb)
)
(108)
×(dθa(vb, vc) + dθb(va, vc)− dθc(va, vb)) ∗1 (109)
= −c
2|ξ|2
32
(
3dθa(vb, vc)dθ
a(vb, vc) + dθa(vb, vc)
(
dθb(va, vc)− dθc(va, vb))
+ dθb(va, vc)
(
dθa(vb, vc)− dθc(va, vb))
− dθc(va, vb)
(
dθa(vb, vc) + dθb(va, vc)
)) ∗1 (110)
For the term:
−dθa(vb, vc)dθc(va, vb) = −dθa(vc, vb)dθb(va, vc) (111)
= dθa(vb, vc)dθ
b(va, vc) (112)
For the term:
dθb(va, vc)dθ
a(vb, vc) = dθa(vb, vc)dθb(va, vc) (113)
= dθa(vb, vc)dθ
b(va, vc) (114)
For the term:
−dθb(va, vc)dθc(va, vb) = dθb(va, vc)dθc(vb, va) (115)
= −dθb(vc, va)dθc(vb, va) (116)
= −dθa(vb, vc)dθb(va, vc) (117)
For the term:
−dθc(va, vb)dθa(vb, vc) = −dθa(vb, vc)dθc(va, vb) (118)
= −dθa(vc, vb)dθb(va, vc) (119)
= dθa(vb, vc)dθb(va, vc) (120)
= dθa(vb, vc)dθ
b(va, vc) (121)
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For the term:
−dθc(va, vb)dθb(va, vc) = −dθa(vc, vb)dθb(vc, va) (122)
= −dθa(vb, vc)dθb(va, vc) (123)
The addition to the Lagrangean from spontaneous symmetry breaking is,
∆L = −c
2|ξ|2
32
(
3dθa(vb, vc)dθ
a(vb, vc) + 2dθa(vb, vc)dθ
b(va, vc)
)
∗1 (124)
The term,
dθa ∧ θa ∧ ∗(dθb ∧ θb) (125)
is equal to,
dθa ∧ θa ∧ ∗(dθb ∧ θb) = dθa ∧ θa ∧ ∗(dθb ∧ θb) (126)
= dθa(vc, vd)
1
2
θc ∧ θd ∧ θa ∧ ∗(dθb(vf , vg)1
2
θf ∧ θg ∧ θb
)
(127)
= dθa(vc, vd)
1
2
θc ∧ θd ∧ θa ∧ dθb(vf , vg)1
2
ǫfgbhθ
h (128)
=
1
4
dθa(vc, vd)ǫ
cdahdθb(vf , vg)ǫfgbh ∗1 (129)
=
(1
2
dθa(vc, vd)dθ
a(vc, vd)− dθa(vc, vd)dθc(va, vd)
) ∗1 (130)
The term,
dθa ∧ ∗dθa (131)
is equal to,
1
2
dθa(vb, vc)dθ
a(vb, vc) ∗1 (132)
So the addition to the Lagrangean from spontaneous symmetry breaking is,
∆L = −c
2|ξ|2
32
(
8dθa ∧ ∗dθa − 2dθa ∧ θa ∧ ∗(dθb ∧ θb)
)
(133)
The coframe gravity Lagrangean is,
L =
1
2
3∑
i=1
ρi
(i)L (134)
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with,
(1)L = dθa ∧ ∗dθa (135)
(2)L = dθa ∧ θa ∧ ∗
(
dθb ∧ θb
)
(136)
(3)L = dθa ∧ θb ∧ ∗
(
dθb ∧ θa
)
(137)
This model is approximately a coframe gravity model with ρ1 = −12c2|ξ|2,
ρ2 =
1
8
c2|ξ|2, ρ3 = 0, except that it is not exactly a coframe gravity model
because there is an extra field Υ.
To find the field equation for gravity in this model, I proceed in the usual
manner, with a small variation of the fields δθ which vanishes on the region
boundary. The variation of the Lagrangean is,
δ (1)L = dδθa ∧ ∗dθa + dθa ∧ ∗dδθa (138)
If A and B are 2-forms, then
A ∧ ∗B = A ∧ ∗B(va, vb)1
2
θa ∧ θb (139)
= A ∧ B(va, vb)1
4
ǫabcdθ
c ∧ θd (140)
= A(ve, vf)
1
2
θe ∧ θf ∧B(va, vb)1
4
ǫabcdθ
c ∧ θd (141)
=
1
8
A(ve, vf)B(v
a, vb)ǫabcdǫ
efcd ∗1 (142)
=
1
2
A(va, vb)B(v
a, vb) ∗1 (143)
=
1
2
A(va, vb)η
acηbdB(vc, vd) ∗1 (144)
= B ∧ ∗A (145)
The variation of the Lagrangean is of the form,
δ (1)L = δA ∧ ∗A+ A ∧ ∗δA (146)
however,
A ∧ ∗δA = δA ∧ ∗A (147)
so the variation of the Lagrangean has the form,
δ (1)L = 2δA ∧ ∗A (148)
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The variation of the Lagrangean becomes,
δ (1)L = 2
(
δ(dθa)
) ∧ ∗dθa (149)
= 2dδθa ∧ ∗dθa (150)
d(2δθa ∧ ∗dθa) = 2dδθa ∧ ∗dθa − 2δθa ∧ d∗dθa (151)
so,
2dδθa ∧ ∗dθa = 2δθa ∧ d∗dθa + d(2δθa ∧ ∗dθa) (152)
Substituting this, the variation of the Lagrangean becomes,
δ (1)L = 2δθa ∧ d∗dθa + d(2δθa ∧ ∗dθa) (153)
For the second part of the Lagrangean, the variation is,
δ (2)L = 2
(
δ(dθa ∧ θa)
)
∧ ∗(dθb ∧ θb) (154)
= 2
(
dδθa ∧ θa + dθa ∧ δθa
)
∧ ∗(dθb ∧ θb) (155)
I have,
d
(
δθa ∧ θa ∧ ∗(dθb ∧ θb)
)
= dδθa ∧ θa ∧ ∗(dθb ∧ θb)− δθa ∧ dθa ∧ ∗(dθb ∧ θb)
+ δθa ∧ θa ∧ d∗(dθb ∧ θb) (156)
so,
dδθa ∧ θa ∧ ∗(dθb ∧ θb) = δθa ∧ dθa ∧ ∗(dθb ∧ θb)− δθa ∧ θa ∧ d∗(dθb ∧ θb)
+ d
(
δθa ∧ θa ∧ ∗(dθb ∧ θb)
)
(157)
Substituting this, the variation of the Lagrangean becomes,
δ (2)L = 2δθa ∧ dθa ∧ ∗(dθb ∧ θb)− 2δθa ∧ θa ∧ d∗(dθb ∧ θb)
+ 2dθa ∧ δθa ∧ ∗(dθb ∧ θb) + d
(
2δθa ∧ θa ∧ ∗(dθb ∧ θb)
)
(158)
= δθa ∧
(
4dθa ∧ ∗(dθb ∧ θb)− 2θa ∧ d∗(dθb ∧ θb)
)
+ d(. . .) (159)
If η is any p-form, then,
∗ va η = (−1)p−1θa ∧ ∗η (160)
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with being the inner product between a vector and a p-form. If X1, X2
. . .Xp−1 are vectors, then,
(va η)(X1, X2, . . . , Xp−1) = η(v
a, X1, X2, . . . , Xp−1) (161)
I have,
∗va (dθb ∧ θb) = θa ∧ ∗(dθb ∧ θb) (162)
d∗ va (dθb ∧ θb) = d
(
θa ∧ ∗(dθb ∧ θb)
)
(163)
= dθa ∧ ∗(dθb ∧ θb)− θa ∧ d∗(dθb ∧ θb) (164)
so,
θa ∧ d∗(dθb ∧ θb) = −d∗ va (dθb ∧ θb) + dθa ∧ ∗(dθb ∧ θb) (165)
Substituting, I get,
δ (2)L = δθa ∧
(
2d∗ va (dθb ∧ θb) + 2dθa ∧ ∗(dθb ∧ θb)
)
+ d(. . .) (166)
For the third part of the Lagrangean, the variation is,
δ (3)L =
(
δ(dθa ∧ θb)
)
∧ ∗(dθb ∧ θa) + dθa ∧ θb ∧ ∗
(
δ(dθb ∧ θa)
)
(167)
=
(
δ(dθa ∧ θb)
)
∧ ∗(dθb ∧ θa) +
(
δ(dθb ∧ θa)
)
∧ ∗(dθa ∧ θb) (168)
=
(
δ(dθa ∧ θb)
)
∧ ∗(dθb ∧ θa) +
(
δ(dθa ∧ θb)
)
∧ ∗(dθb ∧ θa) (169)
= 2
(
δ(dθa ∧ θb)
)
∧ ∗(dθb ∧ θa) (170)
= 2
(
dδθa ∧ θb + dθa ∧ δθb
)
∧ ∗(dθb ∧ θa) (171)
I have,
d
(
δθa ∧ θb ∧ ∗(dθb ∧ θa)
)
= dδθa ∧ θb ∧ ∗(dθb ∧ θa)− δθa ∧ dθb ∧ ∗(dθb ∧ θa)
+ δθa ∧ θb ∧ d∗(dθb ∧ θa) (172)
so,
dδθa ∧ θb ∧ ∗(dθb ∧ θa) = δθa ∧ dθb ∧ ∗(dθb ∧ θa)− δθa ∧ θb ∧ d∗(dθb ∧ θa)
+ d
(
δθa ∧ θb ∧ ∗(dθb ∧ θa)
)
(173)
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Substituting this, the variation of the third part of the Lagrangean becomes,
δ (3)L = 2δθa ∧ dθb ∧ ∗(dθb ∧ θa)− 2δθa ∧ θb ∧ d∗(dθb ∧ θa)
+ 2dθa ∧ δθb ∧ ∗(dθb ∧ θa) + d
(
2δθa ∧ θb ∧ ∗(dθb ∧ θa)
)
(174)
= δθa ∧ 2dθb ∧ ∗(dθb ∧ θa) + δθb ∧ 2dθa ∧ ∗(dθb ∧ θa)
− δθa ∧ 2θb ∧ d∗(dθb ∧ θa) + d(. . .) (175)
= δθa ∧ 2dθb ∧ ∗(dθb ∧ θa) + δθa ∧ 2dθb ∧ ∗(dθa ∧ θb)
− δθa ∧ 2θb ∧ d∗(dθb ∧ θa) + d(. . .) (176)
= δθa ∧
(
2dθb ∧ ∗(dθb ∧ θa)
+ 2dθb ∧ ∗(dθa ∧ θb)− 2θb ∧ d∗(dθb ∧ θa)
)
+ d(. . .) (177)
I have,
∗vb (dθb ∧ θa) = θb ∧ ∗(dθb ∧ θa) (178)
d∗ vb (dθb ∧ θa) = d
(
θb ∧ ∗(dθb ∧ θa)
)
(179)
= dθb ∧ ∗(dθb ∧ θa) (180)
− θb ∧ d∗(dθb ∧ θa) (181)
so,
θb ∧ d∗(dθb ∧ θa) = −d∗ vb (dθb ∧ θa) + dθb ∧ ∗(dθb ∧ θa) (182)
Substituting, I get,
δ (3)L = δθa ∧
(
2d∗ vb (dθb ∧ θa) + 2dθb ∧ ∗(dθa ∧ θb)
)
+ d(. . .) (183)
The variation of the Lagrangean can be written as,
δL = δθa ∧
(
d ∗ F a + T agrav + T amat
)
+ d(. . .) (184)
The reason for writing the stress-energy tensor with a plus sign is because
if a field has spontaneous symmetry breaking, the only way to satisfy both
these requirements:
• The Lagrangean can be written as L = (K − V ) ∗1
• The energy of particles is positive.
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is to write the stress-energy tensor with a plus sign.
The symbols are,
F a = ρ1dθ
a + ρ2v
a (dθb ∧ θb) + ρ3vb (dθb ∧ θa) (185)
T agrav = ρ2dθ
a ∧ ∗(dθb ∧ θb) + ρ3dθb ∧ ∗(dθa ∧ θb) (186)
So the coframe gravity approximation field equation is,
d ∗ F a + T agrav + T amat = 0 (187)
6 An exact solution
The field equation is,
d ∗ F a + T agrav + T amat = 0 (188)
with,
F a = ρ1dθ
a + ρ2v
a (dθb ∧ θb) + ρ3vb (dθb ∧ θa) (189)
T agrav = ρ2dθ
a ∧ ∗(dθb ∧ θb) + ρ3dθb ∧ ∗(dθa ∧ θb) (190)
I shall look for a diagonal solution. If the coframe is diagonal, then,
dθa ∧ θa = 0 (191)
If ρ3 = 0, then the field equation becomes,
ρ1d∗dθa + T amat = 0 (192)
Using,
T ab = − ∗ (θb ∧ T a) (193)
the field equation becomes,
−ρ1 ∗ (θb ∧ d∗dθa) + T abmat = 0 (194)
−ρ1 ∗ (θb ∧ d∗dθa) = −T abmat (195)
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I shall do some calculations to bring this into a form with which it is easy to
calculate with. The field equation is,
−ρ1 ∗ (θb ∧ d∗dθa) = −T abmat (196)
−ρ1 ∗
(
θb ∧ d∗dθa(vd, ve)1
2
θd ∧ θe
)
= −T abmat (197)
−ρ1 ∗
(
θb ∧ d
(
dθa(v
d, ve)
1
4
ǫdefgθ
f ∧ θg)) = −T abmat (198)
−ρ1 ∗
(
θb ∧ (vhdθa(vd, ve))1
4
ǫdefgθ
h ∧ θf ∧ θg
+θb ∧ 1
2
dθa(v
d, ve)ǫdefgdθ
f ∧ θg
)
= −T abmat (199)
−ρ1 ∗
((
vhdθ
a(vd, ve)
)1
4
ǫdefgθ
b ∧ θh ∧ θf ∧ θg
+
1
4
dθa(vd, ve)ǫdefgθ
b ∧ dθf (vh, vi)θh ∧ θi ∧ θg
)
= −T abmat (200)
ρ1
((
vhdθ
a(vd, ve)
)1
4
ǫdefgǫ
bhfg
+
1
4
dθa(vd, ve)dθf(vh, vi)ǫdefgǫ
bhig
)
= −T abmat (201)
ρ1
(1
2
vhdθ
a(vb, vh)− 1
2
vhdθa(v
h, vb)
+
1
4
dθa(vd, ve)dθf(vh, vi)ǫdefgǫ
bhig
)
= −T abmat (202)
ρ1
(
vhdθ
a(vb, vh) +
1
4
dθa(vd, ve)dθf(vh, vi)ǫdefgǫ
bhig
)
= −T abmat (203)
I shall look for a solution of the form,
θaµ =


exp
(
f(x)
)
0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (204)
Then the field equation becomes the equation,
−ρ1v pih ∂pi(θ0µ,νv0µvhν) = −T 00mat (205)
ρ1v
pi
h ∂pi(θ
0
µ,νv
µ
0 v
hν) = −T 00mat (206)
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v is equal to,
v µa =


exp
(− f(x)) 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (207)
The equation becomes,
ρ1δ
pi
h ∂pi
(
ef(x)(∂νf)e
−f(x)δhν
)
= −T 00mat (208)
−ρ1∆f = T 00mat (209)
An exact solution for all static spacetimes in which the only component of
Tmat which is non-zero is T
00
mat , is,
f(x) =
1
−8πρ1
∫
d3y
T 00mat (y)
|x− y| (210)
An exact homogeneous solution which is static and has spherical symmetry
is,
f(x) = −GM
rC2
(211)
Corresponding to the coframe,
θ00 = exp
(
−GM
rC2
)
(212)
θaµ = δ
a
µ for a, µ not both 0 (213)
These solutions are common to a one-parameter set of models with ρ1 6= 0,
ρ2 any, ρ3 = 0.
7 The linearized field equation
I linearize the field equation using,
θaµ = ηaµ + haµ (214)
and using,
Tab = − ∗ (θb ∧ Ta) (215)
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In the following calculation, I shall ignore non-linear terms. Taking ρ3 = 0,
the linearized field equation becomes,
− ∗ (θb ∧ d ∗ Fa) = −Tmat ab (216)
= − ∗
(
θb ∧ d ∗
(
ρ1dθa + ρ2va (dθc ∧ θc)
))
= −Tmat ab (217)
−ρ1 ∗ (θb ∧ d∗dθa)− ρ2 ∗
(
θb ∧ d∗ va (dθc ∧ θc)
)
= −Tmat ab (218)
−ρ1 ∗
(
θb ∧ d∗dθa(vd, ve)1
2
θd ∧ θe
)
−ρ2 ∗
(
θb ∧ d∗ va
(
dθc(vd, ve)
1
2
θd ∧ θe ∧ θc
))
= −Tmat ab (219)
−ρ1 ∗
(
θb ∧ d
(
dθa(v
d, ve)
1
4
ǫdefgθ
f ∧ θg))
−ρ2 ∗
(
θb ∧ d
(
θa ∧ ∗
(
dθc(vd, ve)
1
2
θd ∧ θe ∧ θc
)))
= −Tmat ab (220)
−ρ1 ∗
(
θb ∧
(
vhdθa(v
d, ve)
)1
4
ǫdefgθ
h ∧ θf ∧ θg
)
−ρ2 ∗
(
θb ∧ ddθc(vd, ve)1
2
ǫdecfθa ∧ θf
)
= −Tmat ab (221)
−ρ1 ∗
(
vhdθa(v
d, ve)
1
4
ǫdefgηbiθ
i ∧ θh ∧ θf ∧ θg)
−ρ2 ∗
(
θb ∧ vgdθc(vd, ve)1
2
ǫdecfθ
g ∧ θa ∧ θf
)
= −Tmat ab (222)
ρ1
(
vhdθa(v
d, ve)
1
4
ηbiǫdefgǫ
ihfg
)
−ρ2 ∗
(
vgdθ
c(vd, ve)
1
2
ǫdecfθb ∧ θg ∧ θa ∧ θf
)
= −Tmat ab (223)
ρ1
(
vhdθa(v
d, ve)
1
4
ηbiǫdefgǫ
ihfg
)
+ρ2
1
2
(
vgdθ
c(vd, ve)ǫdecfηahηbiǫ
ighf
)
= −Tmat ab (224)
ρ1
1
2
(
vhdθa(vb, v
h)− vhdθa(vh, vb)
)
+ρ2
1
2
(
vgdθa(vb, vg)− vgdθa(vg, vb)− vgdθg(vb, va)
+vgdθg(va, vb) + v
gdθb(vg, va)− vgdθb(va, vg)
)
= −Tmat ab (225)
ρ1
(
vhdθa(vb, vh)
)
+ρ2
(
vgdθa(vb, vg)− vgdθg(vb, va) + vgdθb(vg, va)
)
= −Tmat ab (226)
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ρ1(h
,m
am,b − h ,mab,m ) + ρ2(h ,mam,b − h ,mab,m − h ,mma,b
+h ,mmb,a + h
,m
ba,m − h ,mbm,a ) = −Tmat ab (227)
−ρ1( hab − h ,mam,b )− ρ2h ,m[ab,m] = −Tmat ab (228)
At all orders, the field equation can be written as,
−ρ1( hab − h ,mam,b )− ρ2h ,m[ab,m] = (non-linear terms)ab − Tmat ab (229)
−ρ1( hab − h ,mam,b ) = ρ2h ,m[ab,m] + (non-linear terms)ab
− Tmat ab (230)
The left side has a vanishing divergence, so if the field equation is consistent,
the right side must also have a vanishing divergence.
I set as an Ansatz,
− ρ1 hab = (right side)ab (231)
with (right side) the right side of (230).
The following function follows the homogeneous 3+1-dimensional Laplace
equation. In the following calculation, the index i runs from 1 to 3:
cos
(
ω(x0 − r))
r
= ω2
cos
(
ω(x0 − r))
r
+ ∂i∂i
cos
(
ω(x0 − r))
r
(232)
= ω2
cos
(
ω(x0 − r))
r
+ ∂i
(ωsin(ω(x0 − r))xi
r2
− cos
(
ω(x0 − r))xi
r3
)
(233)
= ω2
cos
(
ω(x0 − r))
r
−ω
2cos
(
ω(x0 − r))(xi)2
r3
+ δii
ωsin
(
ω(x0 − r))
r2
− 2ωsin
(
ω(x0 − r))(xi)2
r4
− ωsin
(
ω(x0 − r))(xi)2
r4
− δii
cos
(
ω(x0 − r))
r3
+ 3
cos
(
ω(x0 − r))(xi)2
r5
(234)
= 0 (235)
This is used to construct a solution:
hab(x) =
1
−8πρ1
∫
d4y
(right side)ab(y)δ(x
0 − y0 − |x− y|)
|x− y| (236)
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For i a space index,
∂ihab(x) = lim
n→0
hab(x+ nxˆi)− hab(x)
n
(237)
In mathematics, we cannot always interchange differentiation and integra-
tion. But in physics, we can.
= lim
n→0
1
n
(
1
−8πρ1
∫
d4y
(right side)ab(y)δ(x
0 − y0 − |x+ nxˆi − y|)
|x+ nxˆi − y|
− 1−8πρ1
∫
d4y
(right side)ab(y)δ(x
0 − y0 − |x− y|)
|x− y|
)
(238)
Changing the variable of integration to z = y − nxˆi:
= lim
n→0
1
n
(
1
−8πρ1
∫
d4z
(right side)ab(z + nxˆi)δ(x
0 − z0 − |x− z|)
|x− z|
− 1−8πρ1
∫
d4y
(right side)ab(y)δ(x
0 − y0 − |x− y|)
|x− y|
)
(239)
=
1
−8πρ1
∫
d4y
(right side)ab,i(y)δ(x
0 − y0 − |x− y|)
|x− y| (240)
Similarly,
∂0hab =
1
−8πρ1
∫
d4y
(right side)ab,0(y)δ(x
0 − y0 − |x− y|)
|x− y| (241)
Therefore,
h
,m
am,b =
1
−8πρ1
∫
d4y
(right side) ,mam,b (y)δ(x
0 − y0 − |x− y|)
|x− y| (242)
= 0 (243)
This proves the Ansatz to be a solution.
The field equation at all orders is,
− ρ1 hab = ρ2h ,m[ab,m] + (non-linear terms)ab − Tmat ab (244)
This field equation can be solved iteratively by starting with the coframe
hab = 0. At each step of the iteration, the old value of h is substituted in the
right side of the equation. And the new value of h is solved for in the left
side of the equation.
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